We prove some vanishing theorems for the cohomology groups of local systems associated to Laurent polynomials. In particular, we extend one of the results of Gelfand-Kapranov-Zelevinsky [10] into various directions.
Introduction
The study of the cohomology groups of local systems is an important subject in algebraic geometry, hyperplane arrangements, topology and hypergeometric functions of several variables. Many mathematicians are interested in the conditions for which we have their concentrations in the middle degrees. Here let us consider this problem in the following situation. Let B = {b(1), b(2), . . . , b(N)} ⊂ Z n−1 be a finite subset of the lattice Z n−1 . Assume that B generates Z n−1 . For z = (z 1 , . . . , z N ) ∈ C N we consider Laurent polynomials P (x) on the algebraic torus T 0 = (C * ) n−1 defined by P (x) = N j=1 z j x b(j) (x = (x 1 , . . . , x n−1 ) ∈ T 0 = (C * ) n−1 ). Then for c = (c 1 , . . . , c n ) ∈ C n we obtain a possibly multi-valued function P (x)
−cn x on W . Under the nonresonance condition (see Definition 3.1) on c ∈ C n , GelfandKapranov-Zelevinsky [10] proved that we have the concentration
for non-degenerate Laurent polynomials P (x). This result was obtained as a byproduct of their study on the integral representations of A-hypergeometric functions in [10] . Since their proof of this concentration heavily relies on the framework of the D-module theory, it is desirable to prove it more directly. In this paper, by applying the twisted Morse theory to perverse sheaves we extend the result of Gelfand-Kapranov-Zelevinsky into various directions. First in Theorem 3.3 we relax the non-degeneracy condition on P (x) by replacing it with a weaker one (see Definition 3.2) . In this way we extend the result of [10] to the case where the hypersurface P −1 (0) ⊂ T 0 may have isolated singular points. Moreover in Theorem 5.1 we relax the nonresonance condition of c ∈ C n by replacing it with the much weaker one c / ∈ Z n . In fact in Theorem 5.1 we prove the concentration for more general local systems associated to several Laurent polynomials. Namely we obtain a vanishing theorem for arrangements of toric hypersurfaces. To prove Theorem 5.1, we first perturb Laurent polynomials by multiplying monomials. Then we apply the twisted Morse theory to the real-valued functions associated to them by using some standard properties of vanishing cycles of perverse sheaves. See Sections 4 and 5 for the details. In the course of the proof of Theorem 5.1, we obtain also the following result which might be of independent interest. Let Q 1 , . . . , Q l be Laurent polynomials on T = (C * ) n and for
Theorem 1.1. Let L be a non-trivial local system of rank one on T = (C * ) n . Assume that for any 1 ≤ i ≤ l we have dim∆ i = n and the subvariety
of T is a non-degenerate complete intersection. Then for any 1 ≤ i ≤ l we have the concentration
Moreover we have
where
) ∈ Z is the normalized n-dimensional mixed volume with respect to the lattice Z n ⊂ R n Note that this result can be considered as a refinement of the classical BernsteinKhovanskii-Kushnirenko theorem (see [13] ). On the other hand, Matusevich-MillerWalther [20] and Saito-Sturmfels-Takayama [25] studied the condition on the parameter vector c ∈ C n for which the corresponding local system of A-hypergeometric functions is non-rank-jumping. They also relaxed the nonresonance condition of c ∈ C n . It would be an interesting problem to study the relationship between Theorem 5.1 and their results.
Preliminary results
In this section, we recall basic notions and results which will be used in this paper. In this paper, we essentially follow the terminology of [4] , [12] etc. For example, for a topological space X we denote by D b (X) the derived category whose objects are bounded complexes of sheaves of C X -modules on X. Denote by D b c (X) the full subcategory of D b (X) consisting of constructible objects.
Let ∆ ⊂ R n be a lattice polytope in R n . For an element u ∈ R n of (the dual vector space of) R n we define the supporting face γ u ≺ ∆ of u in ∆ by
where for u = (u 1 , . . . , u n ) and v = (v 1 , . . . , v n ) we set u, v = n i=1 u i v i . Then we introduce an equivalence relation ∼ on (the dual vector space of) R n by u ∼ u ′ ⇐⇒ γ u = γ u ′ . We can easily see that for any face γ ≺ ∆ of ∆ the closure of the equivalence class associated to γ in R n is an (n − dimγ)-dimensional rational convex polyhedral cone σ(γ) in R n . Moreover the family {σ(γ) | γ ≺ ∆} of cones in R n thus obtained is a subdivision of R n . We call it the dual subdivision of R n by ∆. If dim∆ = n it satisfies the axiom of fans (see [8] and [21] etc.). We call it the dual fan of ∆.
Let ∆ 1 , . . . , ∆ p ⊂ R n be lattice polytopes in R n and ∆ = ∆ 1 + · · · + ∆ p ⊂ R n their Minkowski sum. Then by considering the dual subdivision of ∆, for any face γ ≺ ∆ of ∆ we can take naturally faces γ i ≺ ∆ i such that γ = γ 1 + · · · + γ p . Now we recall Bernstein-Khovanskii-Kushnirenko's theorem [13] .
v be a Laurent polynomial on the algebraic torus
1. We call the convex hull of supp(g) := {v ∈ Z n ; c v = 0} ⊂ Z n ⊂ R n in R n the Newton polytope of g and denote it by NP (g).
For a face
Definition 2.2. (see [22] etc.) Let g 1 , g 2 , . . . , g p be Laurent polynomials on T = (C * ) n . Set ∆ i = NP (g i ) (i = 1, . . . , p) and ∆ = ∆ 1 + · · · + ∆ p . Then we say that the subvariety
n is a non-degenerate complete intersection if for any face γ ≺ ∆ of ∆ the p-form dg
) ∈ Z is the normalized n-dimensional mixed volume with respect to the lattice Z n ⊂ R n (see the remark below).
Remark 2.4. Let ∆ 1 , . . . , ∆ n be lattice polytopes in R n . Then their normalized ndimensional mixed volume Vol Z (∆ 1 , . . . , ∆ n ) ∈ Z is defined by the formula
where Vol Z ( · ) ∈ Z is the normalized n-dimensional volume with respect to the lattice Z n ⊂ R n .
A vanishing theorem for local systems
We say that the parameter vector c ∈ C n is nonresonant (with respect to A) if for any face
Definition 3.2. (see [22] etc.) We say that the Laurent polynomial
is "weakly" non-degenerate if for any face γ of ∆ such that dimγ < n − 1 the hypersurface
is smooth and reduced.
. Then the following theorem generalizes one of the results in Gelfand-Kapranov-Zelevinsky [10] to the case where the hypersurface P −1 (0) ⊂ T 0 may have isolated singular points.
Theorem 3.3. Assume that the parameter vector c ∈ C n is nonresonant and the Laurent polynomial P (x) is weakly non-degenerate. Then there exists an isomorphism
for any j ∈ Z. Moreover we have the concentration
Proof. Set T = (C * ) n and let
be the locally closed embedding defined by y = (y 1 , . . . , y n ) −→ (y a(1) , . . . , y a(N ) ). We naturally identify
Then by the natural action of T 0 on P N −1 defined by i T 0 the projective variety X is decomposed into T 0 -orbits parametrized by the faces of ∆. For a face γ of ∆ denote by X γ the T 0 -orbit associated to γ. Note that X ∆ = i T 0 (T 0 ) is the unique open dense T 0 -orbit in X and its complement X \ i T 0 (T 0 ) is the union of X γ for γ ≺ ∆ such that dimγ < n − 1. Since P (x) is weakly non-degenerate, the closure of the hypersurface i T 0 (P −1 (0)) ⊂ i T 0 (T 0 ) in X intersects such X γ transversally. We can see this fact more clearly as follows. Let Y ⊂ C N be the closure of j(T ) in C N . Then Y is a (not necessarily normal) affine toric variety (see [11] etc.). By the natural projection π : T −→ T 0 we consider P as a function on T and set L = π −1 L. In this situation, we can construct the normalization
• ⊂ R n be the dual cone of K and let Σ 0 the fan in R n formed by all the faces of K • . Then Z is nothing but the affice toric variety associated to Σ 0 . For a smooth subdivision Σ of Σ 0 let Z be the smooth toric variety associated to Σ. Then we can easily see that the closure of P −1 (0) ⊂ T in Z intersects any T -orbit in Z \ T transversally. Moreover by the nonresonance of c ∈ C n , for any 1-dimensional cone σ in Σ the monodromy of the local system L around the (n − 1)-dimensional T -orbit associated to σ is non-trivial. This implies that for any γ ≺ ∆ such that dimγ = n − 2 the monodromy of the local system L around the codimension-one T 0 -orbit X γ ⊂ X is non-trivial (see the proof of [7 
Namely there exists an isomophism
Applying the functor RΓ c (X; ·) = RΓ(X; ·) to it we obtain the desired isomorphisms
for j ∈ Z. Now recall that T 0 is an affine variety and M ∈ D b c (T 0 ) is a perverse sheaf on it (up to some shift). Then by Artin's vanishing theorem for perverse sheaves over affine varieties (see [4] etc.) we have
and
from which the last assertion immediately follows. This completes the proof.
We can generalize Theorem 3.3 slightly to the case where the hypersurface S = i T 0 (P −1 (0)) ⊂ X has (stratified) isolated singular points p in T 0 -orbits X γ ⊂ X \ T 0 of codimension one in X as follows. For such a point p ∈ S ∩ X γ let us show that we have the vanishing (Ri * M) p ≃ 0 in general. The question being local, by taking a normalization of X the problem is reduced to the case where X = C n−1 y ⊃ X γ = {y n−1 = 0}, S = {f (y) = 0} ∋ p = 0, T 0 = C n−1 \ {y n−1 = 0}, i : C n−1 \ {y n−1 = 0} ֒→ C n−1 and
for some α, β ∈ C. Here f (y) is a polynomial on C n−1 such that S = f −1 (0) has a (stratified) isolated singular point at p = 0 ∈ S ∩ X γ . Moreover for the inclusion map ι : C n−1 \ {f (y) · y n−1 = 0} ֒→ C n−1 \ {y n−1 = 0} we have M ≃ Rι * L. Assume that β / ∈ Z so that we have the isomorphism
Set N = i ! (C C n−1 \{y n−1 =0} y β n−1 ). Then N is a perverse sheaf (up to some shift) on C n−1
and satisfies the condition ψ f (N ) p ≃ ϕ f (N ) p , where
are the nearby and vanishing cycle functors associated to f (see [4] etc.). By the texactness of the functor ϕ f the constructible sheaf ϕ f (N ) on S = f −1 (0) is perverse (up to some shift) and its support is contained in the point {p} = {0} ⊂ X = C n−1 . This implies that we have the concentration
Hence in order to show the vanishing (Ri * M) p ≃ 0 it suffices to prove that the monodromy operator Φ : Proposition 3.4. In the situation as above, assume moreover that f is non-degenerate at the origin p = 0 ∈ C n−1 . Then the set of the eigenvalues of the monodromy operator Φ :
Corollary 3.5. If f is non-degenerate at the origin p = 0 ∈ C n−1 and exp(−2πiα) / ∈ E f then we have (Ri * M) p ≃ 0.
By this corollary we can slightly generalize Theorem 3.3.
Some results on the twisted Morse theory
In this section, we prepare some auxiliary results on the twisted Morse theory which will be used in Section 5. The following proposition is a refinement of the results in [5, page 10] . See also [7, Proposition 7 .1].
Proposition 4.1. Let T be an algebraic torus (C * ) n x and T = ⊔ α Z α its algebraic stratification. In particular we assume that each stratum Z α in it is smooth. Let h(x) be a Laurent polynomial on T = (C * ) n x such that the hypersurface {h = 0} ⊂ T intersects Z α transversally for any α. For a ∈ C n consider the (possibly multi-valued) function g a (x) := h(x)x −a on T . Then there exists a non-empty Zariski open subset Ω ⊂ C n of C n such that the restriction g a | Zα : Z α −→ C of g a to Z α has only isolated non-degenerate (i.e. Morse type) critical points for any a ∈ Ω ⊂ C n and α.
Proof. We may assume that each stratum Z α is connected. We fix a stratum Z α and set k = dimZ α . For a subset I ⊂ {1, 2, . . . , n} such that
k the projection associated to I. We also denote by Z α,I ⊂ Z α the maximal Zariski open subset of Z α such that the restriction of π I to it is locally biholomorphic. By the implicit function theorem, the variety Z α is covered by such open subsets Z α,I . For simplicity, let us consider the case where I = {1, 2, . . . , k} ⊂ {1, 2, . . . , n}. Then we may regard g a | Zα locally as a function g a,α,
By our assumption, the hypersurface {h a,α,I = 0} ⊂ π I (Z α,I ) ⊂ (C * ) k is smooth. Then as in the proof of [7, Proposition 7 .1] we can show that there exists a non-empty Zariski open subset Ω α,I ⊂ C n such that the (possibly multi-valued) function g a,α,I (x 1 , . . . , x k ) on π I (Z α,I ) ⊂ (C * ) k has only isolated non-degenerate (i.e. Morse type) critical points for any a ∈ Ω α,I ⊂ C n . This completes the proof.
Corollary 4.2. In the situation of Proposition 4.1, assume moreover that for the Newton polytope NP (h) ⊂ R n of h we have dimNP (h) = n. Then there exists a ∈ IntNP (h) such that the restriction g a | Zα : Z α −→ C of g a to Z α has only isolated non-degenerate (i.e. Morse type) critical points for any α. Now let Q 1 , . . . , Q l be Laurent polynomials on T = (C * ) n and for 1 ≤ i ≤ l denote by
Then by Corollary 4.2 we obtain the following result which might be of independent interest. Theorem 4.3. Let L be a non-trivial local system of rank one on T = (C * ) n . Assume that for any 1 ≤ i ≤ l we have dim∆ i = n and the subvariety
Proof. We prove the assertion by induction on i. For i = 0 we have Z i = T and the assertion is obvious. Since Z i ⊂ T is affine, by Artin's vanishing theorem we have the concentration
On the other hand, by Corollary 4.2 there exists a i ∈ IntNP (Q i ) ⊂ R n such that the real-valued function
has only isolated non-degenerate (Morse type) critical points. Note that the Morse index of g i at each critical point is dimZ i−1 = n − i + 1. Let Σ 0 be the dual fan of the ndimensional polytope ∆ in R n and Σ its smooth subdivision. We denote by X Σ the toric variety associated to Σ. Then X Σ is a smooth compactification of T such that D = X Σ \T is a normal crossing divisor in it. By our assumption, the closures Z i−1 , Z i ⊂ X Σ of Z i−1 , Z i in X Σ are smooth. Moreover they intersect D etc. transversally. Let U be a sufficiently small tubular neighborhood of Z i ∩ D in Z i−1 . Then by [27, Section 3.5] , for any t ∈ R + there exist isomorphisms
Moreover the level set g
and intersects ∂U transversally for any t ∈ R + . Hence for t ≫ 0 we have isomorphisms
Moreover for 0 < t ≪ 1 we have isomorphisms
When t ∈ R decreases passing through one of the critical values of g i , only the dimensions of H n−i+1 ({g i < t}; L) and H n−i ({g i < t}; L) may change and the other cohomology groups H j ({g i < t}; L) (j = n − i + 1, n − i) remain the same. Then by our induction hypothesis for i − 1 and (4.5) we obtain the desired concentration
Moreover the last assertion follows from Theorem 2.3. This completes the proof.
Recall that for any face γ ≺ ∆ of the Minkowski sum ∆ = ∆ 1 + · · · + ∆ l we can naturally take faces γ i ≺ ∆ i such that γ = γ 1 + · · · + γ l . Definition 4.4. We say that the l-tuple of the Laurent polynomials (Q 1 , . . . , Q l ) is "strongly" non-degenerate if for any face γ of ∆ and non-empty subset J ⊂ {1, 2, . . . , l} the subvariety
is a non-degenerate complete intersection.
From now on, assume also that the l-tuple (Q 1 , . . . , Q l ) is strongly non-degenerate and dim∆ l = n. Let T = ⊔ α Z α be the algebraic stratification of T associated to the hypersurface S = ∪ to Z α has only isolated non-degenerate (i.e. Morse type) critical points for any α. In particular, it has only stratified isolated singular points. We fix such a ∈ Int(∆ l ) and define a real-valued function g : T −→ R + by g(x) = |Q l (x)x −a |. For t ∈ R + we set also
Then we have the following result.
Lemma 4.5. Let L be a local system on M = T \ S. Then for any c > 0 there exists a sufficiently small 0 < ε ≪ 1 such that we have the concentration
where ϕ f i are Deligne's vanishing cycle functors. Hence by (the proof of) [4, Proposition 6.1.1] the assertion follows from
and the fact that Rj * L and ϕ f i (Rj * L) are perverse sheaves (up to some shifts).This completes the proof.
A new vanishing theorem
Now let P 1 , . . . , P k be Laurent polynomials on
Theorem 5.1. Assume that the k-tuple of the Laurent polynomials (P 1 , . . . , P k ) is strongly non-degenerate, (c, c) = (c 1 , . . . , c n−k , c 1 , . . . , c k ) / ∈ Z n and for any 1 ≤ i ≤ k we have dim∆ i = n − k. Then we have the concentration
x,t and consider the Laurent polynomials
on T . For 1 ≤ i ≤ k we set also Z i = {(x, t) ∈ T | P 1 (x, t) = · · · = P i (x, t) = 0}. Moreover we can naturally identify Z k−1 ⊂ T with (T 0 \ ∪
. Consider P k as a Laurent polynomial on T 1 = T 0 × C * t k ≃ (C * ) n−k+1 . Note that we have dimNP ( P k ) = n − k + 1 = dimT 1 . By taking a sufficiently generic (a 1 , . . . , a n−k , a n−k+1 ) ∈ IntNP ( P k ) ⊂ R n−k+1 Then the assertion is obtained by applying Artin's vanishing theorem to the (n − k)-dimensional affine variety Z k ⊂ T .
